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1 Introduction
Let (Mn, g) be an n-dimensional (smooth oriented) Riemannian spin manifold without
boundary. When Mn is compact, the spectrum of the Dirac operator D of (Mn, g) is
discrete and real. The first sharp estimate for the smallest absolute value of eigenvalues
λ of the Dirac operator D was obtained by Friedrich [8]. Using a suitable deformation of
Riemannian spin connection, he proved the inequality
λ2 ≥ n
4(n − 1) infM S (1.1)
on manifolds (Mn, g) with positive scalar curvature S > 0. Equality occurs if and only if
(Mn, g) admits a (real) Killing spinor , i.e., a non-trivial solution ψ to the Killing equation
for spinor fields,
∇Xψ = − λ
n
X · ψ, λ 6= 0 ∈ R,
where X is an arbitrary vector field on Mn and the dot ” · ” indicates the Clifford multi-
plication [3, 10]. The inequality (1.1) has been improved in several directions [5, 6, 9, 11,
1
12, 13, 14, 16, 17, 18, 19]. We refer to [7] for a concise exposition of the first eigenvalue
(the smallest absolute value) estimates as well as the classification problems of limiting
manifolds.
An optimal lower bound of the Dirac eigenvalues depends on the geometric structure
(the holonomy group) that the considered manifold may possess. A remarkable observation
was made by Hijazi that, if (Mn, g) admits a parallel k-form, 0 < k < n, then there exist
no Killing spinors (see [3], p.32). Furthermore, if (Mn, g) possesses a locally product
structure, then there exist no Killing spinors (see [3], p.35). An interesting improvement
of the Friedrich inequality (1.1) in these directions was found by Alexandrov, Grantcharov
and Ivanov [1, 20]. They proved that, if (Mn, g), n ≥ 3, admits a parallel 1-form, then
any eigenvalue λ of the Dirac operator D satisfies
λ2 ≥ n− 1
4(n − 2) infM S. (1.2)
(Equality occurs if and only if there exists a non-trivial solution to the field equation (1.4)
below, with n1 = n− 1 and n2 = 1).
In this paper we study some similarities between almost product Riemannian structures
and almost Hermitian structures. In Section 2 we translate some basic results in Ka¨hler
spin geometry [13, 14, 15] into the forms to be appropriate for almost product Riemannian
manifolds. Inspired by the similarities, we will prove lower eigenvalue estimates for the
Dirac operator on compact Riemannian spin manifolds with locally product structure
(Theorem 1.1 and 1.2). Our new inequalities contain the inequality (1.2) as a special case.
To state the main result of the paper precisely, we now recall some basic facts from almost
product Riemannian geometry [23].
A Riemannian manifold (Mn, g) is called locally decomposable if it admits a (1,1)-tensor
field φ with the following properties :
(i) φ2(X) = X and g(φX,φY ) = g(X,Y ) for all vector fields X,Y .
(ii) ∇φ = 0, i.e., φ is parallel with respect to the Levi-Civita connection ∇.
In case that (Mn, g, φ) is locally decomposable, the tangent bundle T (Mn) decomposes
into T (Mn) = T+(Mn)⊕ T−(Mn) under the action of the endomorphism φ, where
T±(Mn) := {Z ∈ T (Mn) : φ(Z) = ±Z }.
Due to the condition ∇φ = 0, the distributions T±(Mn) are integrable. In fact, around
each point x ∈ Mn, there is an open neighbourhood U that has a Riemannian product
structure of the form (U, g) = (U1 × U2, g1 + g2). If (Mn, g) is simply connected and
complete, then there is a global splitting (Mn, g) = (M1 ×M2, g1 + g2) (see [21], p.228).
Let (Mn, g, φ) be a locally decomposable Riemannian manifold with a fixed spin struc-
ture, and let (E1, . . . , En) be a local orthonormal frame field. Then the spin derivative ∇
2
and the Dirac operator D of (Mn, g, φ), acting on sections ψ ∈ Γ(Σ(Mn)) of the spinor
bundle Σ(Mn), are locally expressed as
∇Xψ = X(ψ) + 1
4
n∑
i=1
Ei · ∇XEi · ψ
and
Dψ =
n∑
i=1
Ei · ∇Eiψ,
respectively. As in the Ka¨hlerian case [13], let us define the twist D˜ of the Dirac operator
D by
D˜ψ =
n∑
i=1
Ei · ∇φ(Ei)ψ =
n∑
j=1
φ(Ej) · ∇Ejψ.
In Section 3 we will prove the following theorems.
Theorem 1.1 Let (Mn, g, φ), n ≥ 4, be a locally decomposable Riemannian spin manifold
with positive scalar curvature S > 0. Assume that (Mn, g, φ) is compact and the dimension
n1 of T
+(Mn) is equal to the dimension n2 of T
−(Mn) (i.e., n = n1 + n2 = 2n1). Then
any eigenvalue λ of the Dirac operator D of (Mn, g, φ) satisfies
λ2 ≥ n
4(n− 2) infM S.
Equality occurs if and only if there exists a non-trivial spinor field ψ∗ such that the
differential equation
∇Xψ∗ = −λ
∗
n
X · ψ∗ − 1
n
φ(X) · D˜ψ∗ (1.3)
holds for some real number λ∗ 6= 0 ∈ R and for all vector fields X.
Theorem 1.2 Let (Mn, g, φ), n ≥ 3, be a locally decomposable Riemannian spin manifold
with positive scalar curvature S > 0. Assume that (Mn, g, φ) is compact and
n1 = dim(T
+(Mn)) > n2 = dim(T
−(Mn)) ≥ 1.
Then any eigenvalue λ of the Dirac operator D of (Mn, g, φ) satisfies
λ2 ≥ n1
4(n1 − 1) infM S.
Equality occurs if and only if there exists a non-trivial spinor field ψ∗ such that the
differential equation
∇Xψ∗ = − λ
∗
2n1
X · ψ∗ − λ
∗
2n1
φ(X) · ψ∗ (1.4)
holds for some real number λ∗ 6= 0 ∈ R and for all vector fields X.
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Riemannian spin manifolds admitting non-trivial solutions to the field equation (1.3) (resp.
the field equation (1.4)) are called limiting (locally decomposable) manifolds. In Section 4
we provide the following examples of limiting manifolds :
Let (Mn11 , g1) and (M
n2
2 , g2) be Riemannian spin manifolds admitting Killing spinors. Let
(M
n2
2 , g2) be a Riemannian spin manifold admitting parallel spinors. For the classification
of manifolds with Killing spinors (resp. parallel spinors), we refer to [2, 22].
(i) If n1 = n2 ≥ 2, then the Riemannian product manifold (Mn11 ×Mn22 , g1 + g2) as well
as (Mn11 ×M
n2
2 , g1 + g2) satisfies the limiting case of Theorem 1.1 (see Theorem 4.1 and
4.3).
(ii) If n1 > n2 ≥ 1, then the Riemannian product manifold (Mn11 ×M
n2
2 , g1+ g2) satisfies
the limiting case of Theorem 1.2 (see Theorem 4.2 and 4.4).
2 Basic properties of the twisted Dirac operator D˜ and some
remarks on the limiting case of Theorem 1.1-1.2
In this section we define the twist D˜ of the Dirac operator D, introduced in the previous
section, in a general setting. We then establish some formulas needed to prove Theorem
1.1-1.2 in the next section. We will in fact show that some basic results in Ka¨hler spin ge-
ometry can be translated into the forms to be appropriate for almost product Riemannian
manifolds. Because of the similarities between almost product Riemannian structures and
almost Hermitian structures, we will describe the formulas in a unified way so as to be
valid for both types of structures.
Let (Mn, g) be an n-dimensional Riemannian spin manifold. Let φ be a (1,1)-tensor
field on (Mn, g) such that φ2 = σI, σ = ±1, and
g(φX,φY ) = g(X,Y )
for all vector fields X,Y (Here I stands for the identity map). Since
g(φX, Y ) = σ g(X,φY ),
the endomorphism φ is skew-symmetric if σ = −1 and symmetric if σ = 1, respectively.
Note that (Mn, g, φ) is called an almost Hermitian manifold if σ = −1 and an almost
product Riemannian manifold if σ = 1, respectively. Let Σ(Mn) be the spinor bundle
of (Mn, g, φ). In terms of local orthonomal frame field (E1, . . . , En), the spin derivative
∇ and the Dirac operator D, acting on sections ψ ∈ Γ(Σ(Mn)) of Σ(Mn), are locally
expressed as
∇Xψ = X(ψ) + 1
4
n∑
i=1
Ei · ∇XEi · ψ
and
Dψ =
n∑
i=1
Ei · ∇Eiψ,
4
respectively. Associated with the endomorphism φ, we define the φ-twist of the Dirac
operator D by
D˜ψ =
n∑
i=1
Ei · ∇φ(Ei)ψ = σ
n∑
i=1
φ(Ei) · ∇Eiψ. (2.1)
Let (·, ·) = Re〈·, ·〉 be the real part of the standard Hermitian product 〈·, ·〉 on the spinor
bundle Σ(Mn). Then, from the identity
−σ div
( n∑
i=1
(ψ1, φ(Ei) · ψ2)Ei
)
= (D˜ψ1, ψ2)− (ψ1, D˜ψ2)− σ
n∑
i=1
(ψ1, (∇Eiφ)(Ei) · ψ2), (2.2)
we see that D˜ is self-adjoint with respect to L2-product if φ satisfies
div(φ) = 0.
Proposition 2.1 On almost product Riemannian (resp. almost Hermitian) spin manifold
(Mn, g, φ), we have
D˜2ψ −D2ψ
= −1
8
n∑
i,j,k,l=1
g((∇2φ)(Ej , El, Ek)− (∇2φ)(Ej , Ek, El), φ(Ei))Ei · Ej ·Ek ·El · ψ
+
n∑
i,j=1
φ(Ei) · (∇Eiφ)(Ej) · ∇Ejψ,
where the second covariant derivative (∇2φ)(Z, Y,X) is defined by
(∇2φ)(Z, Y,X) = ∇X{(∇Y φ)(Z)} − (∇Y φ)(∇XZ)− (∇∇XY φ)(Z).
Proof. Using a local orthonormal frame field (E1, . . . , En), we compute
D˜2ψ =
n∑
i,j=1
Ei · ∇φEi(Ej · ∇φEjψ)
=
n∑
i,j=1
Ei · Ej · ∇φEi∇φEjψ +
n∑
i,j=1
Ei · ∇φEiEj · ∇φEjψ
=
1
2
n∑
i,j=1
Ei ·Ej ·
{
∇φEi∇φEjψ −∇φEj∇φEiψ
}
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−
n∑
i=1
∇φEi∇φEiψ +
n∑
i,j=1
Ei · ∇φEiEj · ∇φEjψ
=
1
2
n∑
i,j=1
Ei ·Ej · R(φEi, φEj)(ψ) +△(ψ) + 1
2
n∑
i,j=1
Ei ·Ej · ∇[φEi, φEj ]ψ
−
n∑
i=1
∇∇φEi(φEi)ψ +
n∑
i,j=1
Ei · ∇φEiEj · ∇φEjψ. (2.3)
Since
1
2
n∑
i,j=1
Ei ·Ej · ∇[φEi, φEj ]ψ
=
n∑
i,j=1
Ei · Ej · ∇∇φEi(φEj)ψ +
n∑
i=1
∇∇φEi(φEi)ψ
=
n∑
i,j=1
Ei · Ej · ∇(∇φEiφ)(Ej)ψ +
n∑
i,j=1
Ei · Ej · ∇φ(∇φEiEj)ψ +
n∑
i=1
∇∇φEi(φEi)ψ
= σ
n∑
i,j=1
Ei · (∇φEiφ)(Ej) · ∇Ejψ −
n∑
i,j=1
Ei · ∇φEiEj · ∇φEjψ +
n∑
i=1
∇∇φEi(φEi)ψ
and
σ
n∑
i,j=1
Ei · (∇φEiφ)(Ej) · ∇Ejψ =
n∑
i,j=1
φ(Ei) · (∇Eiφ)(Ej) · ∇Ejψ,
the equation (2.3) now becomes
D˜2ψ =
1
2
n∑
i,j=1
Ei · Ej ·R(φEi, φEj)(ψ) +△(ψ) +
n∑
i,j=1
φ(Ei) · (∇Eiφ)(Ej) · ∇Ejψ. (2.4)
On the other hand, the identity
(∇2φ)(Z, Y,X) − (∇2φ)(Z,X, Y ) = R(X,Y )(φZ)− φ{R(X,Y )(Z)}
implies
R(φEi, φEj , Ek, El)−R(Ei, Ej , Ek, El)
= g((∇2φ)(Ej , El, Ek)− (∇2φ)(Ej , Ek, El), φEi)
and so
1
2
n∑
i,j=1
Ei ·Ej · R(φEi, φEj)(ψ)
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= −1
8
n∑
i,j,k,l=1
R(φEi, φEj , Ek, El)Ei ·Ej · Ek ·El · ψ
= −1
8
n∑
i,j,k,l=1
R(Ei, Ej , Ek, El)Ei ·Ej ·Ek · El · ψ
−1
8
n∑
i,j,k,l=1
g((∇2φ)(Ej , El, Ek)− (∇2φ)(Ej , Ek, El), φEi)Ei ·Ej · Ek ·El · ψ
=
1
4
S ψ (2.5)
−1
8
n∑
i,j,k,l=1
g((∇2φ)(Ej , El, Ek)− (∇2φ)(Ej , Ek, El), φEi)Ei ·Ej · Ek ·El · ψ.
Applying (2.5) and the Schro¨dinger-Lichnerowicz formula
D2 = △+ 1
4
S
to (2.4), we obtain the formula of the proposition. QED.
Proposition 2.2 On almost product Riemannian (resp. almost Hermitian) spin manifold
(Mn, g, φ), we have
D(D˜ψ) + D˜(Dψ)
= −
n∑
i=1
(∇2ψ)(φEi, Ei)−
n∑
i=1
(∇2ψ)(Ei, φEi)
+
1
2
n∑
i,j=1
Ei ·Ej · R(Ei, φEj)(ψ) + 1
2
n∑
i,j=1
Ei · Ej ·R(φEi, Ej)(ψ)
+σ
n∑
i,j=1
Ei · (∇Eiφ)(Ej) · ∇Ejψ,
where the second spinor derivative (∇2ψ)(Y,X) is defined by
(∇2ψ)(Y,X) = ∇X∇Y ψ −∇∇XY ψ.
Proof. Using a local orthonormal frame field (E1, . . . , En), we compute
D(D˜ψ) + D˜(Dψ)
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=n∑
i,j=1
Ei · ∇Ei(Ej · ∇φEjψ) +
n∑
i,j=1
Ei · ∇φEi(Ej · ∇Ejψ)
=
n∑
i,j=1
Ei · Ej · ∇Ei∇φEjψ +
n∑
i,j=1
Ei · Ej · ∇φEi∇Ejψ
+
n∑
i,j=1
Ei · ∇EiEj · ∇φEjψ +
n∑
i,j=1
Ei · ∇φEiEj · ∇Ejψ
=
1
2
n∑
i,j=1
Ei ·Ej · ∇Ei∇φEjψ −
1
2
n∑
i,j=1
Ej ·Ei · ∇Ei∇φEjψ
+
1
2
n∑
i,j=1
Ei · Ej · ∇φEi∇Ejψ −
1
2
n∑
i,j=1
Ej · Ei · ∇φEi∇Ejψ
−
n∑
i=1
∇Ei∇φEiψ −
n∑
i=1
∇φEi∇Eiψ
+
n∑
i,j=1
Ei · ∇EiEj · ∇φEjψ +
n∑
i,j=1
Ei · ∇φEiEj · ∇Ejψ
=
1
2
n∑
i,j=1
Ei ·Ej ·R(Ei, φEj)(ψ) + 1
2
n∑
i,j=1
Ei ·Ej · R(φEi, Ej)(ψ)
−
n∑
i=1
(∇2ψ)(φEi, Ei)−
n∑
i=1
(∇2ψ)(Ei, φEi)
+
1
2
n∑
i,j=1
Ei · Ej · ∇[Ei, φEj ]ψ +
1
2
n∑
i,j=1
Ei ·Ej · ∇[φEi, Ej ]ψ
−
n∑
i=1
∇∇Ei(φEi)ψ −
n∑
i=1
∇∇φEiEiψ
+
n∑
i,j=1
Ei · ∇EiEj · ∇φEjψ +
n∑
i,j=1
Ei · ∇φEiEj · ∇Ejψ.
Since
1
2
n∑
i,j=1
Ei ·Ej · ∇[Ei, φEj ]ψ +
1
2
n∑
i,j=1
Ei · Ej · ∇[φEi, Ej ]ψ
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=
n∑
i,j=1
Ei · Ej · ∇∇Ei(φEj)ψ +
n∑
i,j=1
Ei · Ej · ∇∇φEiEjψ
+
n∑
i=1
∇∇Ei(φEi)ψ +
n∑
i=1
∇∇φEiEiψ
=
n∑
i,j=1
Ei · Ej · ∇(∇Eiφ)(Ej)ψ +
n∑
i,j=1
Ei · Ej · ∇φ(∇EiEj)ψ
+
n∑
i,j=1
Ei · Ej · ∇∇φEiEjψ +
n∑
i=1
∇∇Ei(φEi)ψ +
n∑
i=1
∇∇φEiEiψ
= σ
n∑
i,j=1
Ei · (∇Eiφ)(Ej) · ∇Ejψ
−
n∑
i,j=1
Ei · ∇EiEj · ∇φEjψ −
n∑
i,j=1
Ei · ∇φEiEj · ∇Ejψ
+
n∑
i=1
∇∇Ei(φEi)ψ +
n∑
i=1
∇∇φEiEiψ,
we now obtain the formula of the proposition. QED.
Remark. On Ka¨hler spin manifolds (i.e., if φ is skew-symmetric and ∇φ = 0), the
relations in Proposition 2.1-2.2 simplify to the well-known relation [13]
D˜2 = D2 (2.6)
and
DD˜ + D˜D = 0, (2.7)
respectively. However, the relation (2.7) does not generally hold on locally decomposable
Riemannian spin manifolds.
Analogously to the Ka¨hlerian twistor equation [14, 15], we now consider the following
spinor field equation
∇φXψ = p φ(X) ·Dψ + q X · D˜ψ, p 6= 0, q 6= 0 ∈ R,
which is equivalent to
∇Xψ = pX ·Dψ + σ q φ(X) · D˜ψ. (2.8)
Definition 2.1 A non-trivial solution ψ to the field equation (2.8) on almost product
Riemannian (resp. almost Hermitian) spin manifold (Mn, g, φ) is called quasi-twistor-
spinor (resp. Hermitian twistor-spinor) of type (p,q).
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Proposition 2.3 Let (Mn, g, φ) admit a quasi-twistor-spinor ψ (resp. Hermitian twistor-
spinor) of type (p, q). Then we have
1
2
Ric(X) · ψ = −pX ·D2ψ − (2p+ 1)∇X(Dψ)− 2σq∇φX(D˜ψ)− σq φ(X) ·DD˜ψ
+σq
n∑
i=1
Ei · (∇Eiφ)(X) · D˜ψ. (2.9)
Contracting this equation via S ψ = −
n∑
i=1
Ei · Ric(Ei) · ψ gives
1
2
S ψ = (1 + 2p − np)D2ψ + 2σq D˜2ψ + σq
n∑
i=1
Ei · φ(Ei) ·DD˜ψ
−σq
n∑
i,j=1
Ej · Ei · (∇Eiφ)(Ej) · D˜ψ. (2.10)
Proof. Applying (2.8) to the (12Ricci)-formula (see Lemma 1.2 in [10])
1
2
Ric(X) · ψ = D(∇Xψ)−∇X(Dψ)−
n∑
i=1
Ei · ∇∇EiXψ,
we have
1
2
Ric(X) · ψ = −∇X(Dψ) +D
(
pX ·Dψ + σq φ(X) · D˜ψ
)
−
n∑
i=1
Ei ·
{
p∇EiX ·Dψ + σq φ(∇EiX) · D˜ψ
}
= −∇X(Dψ) + p
n∑
i=1
Ei · ∇EiX ·Dψ − 2p∇X(Dψ)− pX ·D2ψ
+σq
n∑
i=1
Ei · ∇Ei(φX) · D˜ψ − 2σq∇φX(D˜ψ)− σq φ(X) ·DD˜ψ
−p
n∑
i=1
Ei · ∇EiX ·Dψ − σq
n∑
i=1
Ei · φ(∇EiX) · D˜ψ
= −pX ·D2ψ − (2p+ 1)∇X(Dψ)− 2σq∇φX(D˜ψ)− σq φ(X) ·DD˜ψ
+σq
n∑
i=1
Ei · (∇Eiφ)(X) · D˜ψ.
QED.
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Corollary 2.1 Let (Mn, g, φ) be an almost product Riemannian (resp. almost Hermitian)
spin manifold with ∇φ = 0. Assume that (Mn, g, φ) admits a quasi-twistor-spinor ψ (resp.
Hermitian twistor-spinor) of type (p, q). Then we have
4(p + q + 1)D2ψ = S ψ. (2.11)
Proof. We first consider the case σ = −1. Let Ω be the fundamental 2-form defined by
Ω(X,Y ) = g(X,φY ).
Then we know that
DΩ− ΩD = −2D˜, D˜Ω− ΩD˜ = 2D. (2.12)
On the other hand, contracting the equation (2.8), we obtain
(1 + nq) D˜ψ = −2pΩ ·Dψ, (1 + np)Dψ = 2qΩ · D˜ψ. (2.13)
Applying (2.12) to (2.13), we have
Ω ·DD˜ψ = 1 + 4p + nq
2p
D2ψ =
1 + np+ 4q
2q
D2ψ. (2.14)
Consequently, inserting (2.14) into (2.10) gives the formula (2.11) of the corollary. Now
we prove that (2.11) is also true for the other case σ = 1. Contracting the equation (2.8),
we obtain
(1 + np)Dψ = −qTr(φ) D˜ψ, (1 + nq) D˜ψ = −pTr(φ)Dψ. (2.15)
Inserting (2.15) into (2.10) gives the formula (2.11). QED.
In the rest of the section we make some remarks on the limiting case of Theorem 1.1
(resp. Theorem 1.2). It is obvious that a locally decomposable Riemannian spin manifold
(Mn, g, φ) is a limiting manifold of Theorem 1.1 if and only if (Mn, g, φ) admits such
an eigenspinor ψ∗ of the Dirac operator that is a quasi-twistor-spinor of type (− 1
n
,− 1
n
).
Therefore, by Corollary 2.1, the scalar curvature of any limiting manifold of Theorem 1.1
is necessarily constant.
In order to discuss the limiting case of Theorem 1.2, we now consider a special type of
spinor field equation
∇Xψ = aX · ψ + b φ(X) · ψ, a 6= 0, b 6= 0 ∈ R, (2.16)
which is closely related to the quasi-twistor equation (2.8). From (2.15) we observe that
the equation (2.8) reduces to (2.16) in the following cases :
(i) Dψ = λψ for some λ 6= 0 ∈ R and Tr(φ) 6= 0.
(ii) Dψ = λψ for some λ 6= 0 ∈ R and q 6= − 1
n
.
Definition 2.2 A non-trivial solution ψ to the field equation (2.16) on almost product
Riemannian spin manifold (Mn, g, φ) is called quasi-Killing spinor of type (a,b).
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Proposition 2.4 Let (Mn, g, φ) be an almost product Riemannian spin manifold admit-
ting a quasi-Killing spinor ψ of type (a,b). Then we have
Ric(X) · ψ = 4
{
(n− 1)a2 + ab · Tr(φ)− b2
}
X · ψ (2.17)
+4
{
b2 · Tr(φ) + (n− 2)ab
}
φ(X) · ψ + 2b
n∑
i=1
Ei · (∇Eiφ)(X) · ψ.
In particular, the scalar curvature S must be constant and given by
S = 4n(n− 1)a2 + 8(n− 1)ab · Tr(φ) − 4nb2 + 4b2(Trφ)2. (2.18)
Proof. Applying (2.16) to the (12Ricci)-formula, we obtain the equation (2.17) immedi-
ately. Contracting (2.17) gives
S ψ = 4n
{
(n− 1)a2 + ab · Tr(φ)− b2
}
ψ
+4Tr(φ)
{
b2 · Tr(φ) + (n − 2)ab
}
ψ + 4bdiv(φ) · ψ.
Thus div(φ) = 0 must vanish, and rewriting gives (2.18). QED.
Certainly, a locally decomposable Riemannian spin manifold (Mn, g, φ) is a limiting man-
ifold of Theorem 1.2 if and only if (Mn, g, φ) admits a quasi-Killing spinor ψ∗ of type
(− λ∗2n1 ,− λ
∗
2n1
), λ∗ 6= 0 ∈ R. In this case, the Ricci tensor (2.17) and the scalar curvature
(2.18) simplify to
Ric(X,Y ) =
2(n1 − 1)
n21
· (λ∗)2 ·
{
g(X,Y ) + g(φ(X), Y )
}
(2.19)
and
S =
4(n1 − 1)
n1
· (λ∗)2,
respectively. If (Mn, g) = (Mn11 ×Mn22 , g1 + g2) is a global Riemannian product, then
(2.19) implies that (Mn11 , g1) is necessarily Einstein with positive scalar curvature and
(Mn22 , g2) is Ricci-flat.
3 Proof of Theorem 1.1-1.2
Let (Mn, g, φ) be a locally decomposable Riemannian spin manifold. Since ∇φ = 0 van-
ishes on Mn, the operator D˜ is self-adjoint with respect to L2-product (see (2.2)). More-
over, Proposition 2.1 implies
D˜2 = D2. (3.1)
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Let us define the quasi-twistor operator T : Γ(T (Mn))× Γ(Σ(Mn)) −→ Γ(Σ(Mn)) by
TX(ϕ) := ∇Xϕ− pX ·Dϕ− q φ(X) · D˜ϕ, p 6= 0, q 6= 0 ∈ R.
Then a direct calculation using (3.1) yields
0 ≤
∫
Mn
n∑
i=1
(TEi(ϕ), TEi(ϕ))µ (3.2)
=
∫
Mn
{
(∇ϕ, ∇ϕ) + (np2 + 2p+ nq2 + 2q)(D2ϕ, ϕ) + 2pq · Tr(φ) · (D˜Dϕ, ϕ)
}
µ,
where µ is the volume form of (Mn, g). Now assume that
n1 = n2, i.e., Tr(φ) = 0.
Then the equations in (2.15) imply that the optimal parameters p, q are
p = q = − 1
n
.
Let ψ be an eigenspinor ofD with eigenvalue λ. Then, applying the Schro¨dinger-Lichnerowicz
formula to the equation (3.2), we obtain
0 ≤
∫
Mn
n∑
i=1
(TEi(ψ), TEi(ψ))µ =
∫
Mn
{n− 2
n
· λ2 − S
4
}
(ψ,ψ)µ.
This proves the inequality of Theorem 1.1. The limiting case of the inequality is clear.
Next we prove Theorem 1.2. In order to control the last term 2pq · Tr(φ) · (D˜Dϕ, ϕ)
in (3.2), we introduce free parameters a, b ∈ R and compute
0 ≤
∫
Mn
{
a2( D˜ϕ− bDϕ, D˜ϕ− bDϕ ) +
n∑
i=1
(TEi(ϕ), TEi(ϕ))
}
µ
=
∫
Mn
〈
− S
4
(ϕ,ϕ) + (1 + np2 + 2p+ nq2 + 2q + a2 + a2b2)(D2ϕ, ϕ)
+{2pqTr(φ)− 2a2b}(D˜Dϕ, ϕ)
〉
µ, (3.3)
Here we choose the parameters a 6= 0, b 6= 0 in such a way that the last term in (3.3)
vanishes and the equations in (2.15) are satisfied with D˜ψ = bDψ, i.e.,
b =
pqTr(φ)
a2
= −pTr(φ)
1 + nq
= − 1 + np
qTr(φ)
. (3.4)
From this, it follows immediately that
(Trφ)2 = (n1 − n2)2 = (1 + np)(1 + nq)
pq
(3.5)
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and
a2 = −q(1 + nq), b2 = p(1 + np)
q(1 + nq)
. (3.6)
Since a2 > 0 and b2 > 0, we see that − 1
n
< p < 0 and − 1
n
< q < 0. Inserting (3.6) into
(3.3) and assuming that ϕ = ψ is an eigenspinor of D with eigenvalue λ, we now find that
0 ≤
∫
Mn
{
a2( D˜ψ − bDψ, D˜ψ − bDψ ) +
n∑
i=1
(TEi(ψ), TEi(ψ))
}
µ
=
∫
Mn
{
(1 + p+ q)λ2 − S
4
}
(ψ,ψ)µ. (3.7)
Applying Lagrange’s method to the function f(p, q) := 1 + p + q with the side condition
(3.5), one verifies easily that f(p, q) has its minimum n1−1
n1
at the point(
p = − 1
2n1
, q = − 1
2n1
)
. (3.8)
Consequently, (3.7) together with (3.8) leads us to the inequality of Theorem 1.2. More-
over, inserting (3.8) into (3.6) gives
a2 =
n1 − n2
4n21
, b = 1. (3.9)
Thus the limiting case of Theorem 1.2 is clear from (3.7).
4 Some limiting manifolds
We show that some special types of Riemannian product manifolds satisfy the limiting
case of Theorem 1.1 (resp. Theorem 1.2). For that purpose we need to recall some
algebraic formulas describing the action of the Clifford algebra on tensor products of
spinor fields [4, 10, 17]. We begin with the case that the first manifold (M2m1 , g1) is
of even dimension 2m ≥ 2 and the second manifold (M r2 , g2) is of general dimension
r ≥ 2. In this case the Riemannian product manifold (M2m1 ×M r2 , g1 + g2) possesses
a naturally induced spin structure and the spinor bundle of (M2m1 ×M r2 , g1 + g2) is no
other than the tensor product of the spinor bundle of (M2m1 , g1) and the spinor bundle of
(M r2 , g2). Therefore, if ψ1 and ψ2 are a spinor field on (M
2m
1 , g1) and (M
r
2 , g2), respectively,
then the tensor product ψ1 ⊗ ψ2 is well defined on (M2m1 ×M r2 , g1 + g2). Let us denote
by (E1, . . . , E2m) and (F1, . . . , Fr) a local orthonormal frame on (M
2m
1 , g1) and (M
r
2 , g2),
respectively. Identifying (E1, . . . , E2m) and (F1, . . . , Fr) with their lifts to (M
2m
1 ×M r2 , g1+
g2), we regard (E1, . . . , E2m, F1, . . . , Fr) as a local orthonormal frame on (M
2m
1 ×M r2 , g1+
g2). Then the Clifford bundle Cl(M
2m
1 ×M r2 ) of (M2m1 ×M r2 , g1 + g2) acts on the spinor
bundle Σ(M2m1 ×M r2 ) via
Ei · (ψ1 ⊗ ψ2) = (Ei · ψ1)⊗ ψ2, 1 ≤ i ≤ 2m, (4.1)
Fj · (ψ1 ⊗ ψ2) = (
√−1)m(µ1 · ψ1)⊗ (Fj · ψ2), 1 ≤ j ≤ r, (4.2)
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where µ1 = E
1 ∧ · · · ∧ E2m, Ek := g1(Ek, · ), is the volume form of (M2m1 , g1). Denote
by ∇1 (resp. ∇2) the Levi-Civita connection and by D1 (resp. D2) the Dirac operator
of (M2m1 , g1) (resp. (M
r
2 , g2)). From (4.1)-(4.2), we immediately obtain the following
formulas for the spin derivative ∇ and the Dirac operator D of (M2m1 ×M r2 , g1 + g2) :
∇X(ψ1 ⊗ ψ2) = (∇1pi1(X) ψ1)⊗ ψ2 + ψ1 ⊗ (∇2pi2(X) ψ2), (4.3)
D(ψ1 ⊗ ψ2) = (D1ψ1)⊗ ψ2 + (
√−1)m(µ1 · ψ1)⊗ (D2ψ2), (4.4)
D2(ψ1 ⊗ ψ2) = (D21ψ1)⊗ ψ2 + ψ1 ⊗ (D22ψ2), (4.5)
where pi1 : T (M
2m
1 × M r2 ) −→ T (M2m1 ) and pi2 : T (M2m1 × M r2 ) −→ T (M r2 ) are the
natural projections.
Theorem 4.1 Let (M2m1 , g1), m ≥ 1, be a Riemannian spin manifold admitting a Killing
spinor ψ1 with D1ψ1 = λ1ψ1, λ1 6= 0 ∈ R. Let (M2m2 , g2) be a Riemannian spin manifold
admitting a Killing spinor ψ2 with D2ψ2 = λ2, λ2 ∈ R (Here we allow λ2 to be zero).
Then the Riemannian product manifold (M2m1 ×M2m2 , g1 + g2) admits such a non-trivial
eigenspinor ψ∗ of the Dirac operator D that satisfies the equation (1.3) of Theorem 1.1.
Proof. The spinor bundle Σ(M2m1 ) of (M
2m
1 , g1) decomposes into Σ(M
2m
1 ) = Σ
+(M2m1 )⊕
Σ−(M2m1 ) under the action of the volume element µ1 = E1 · · ·E2m ,
Σ±(M2m1 ) := {ϕ ∈ Σ(M2m1 ) : µ1 · ϕ = ±(
√−1)mϕ }.
Let ψ±1 ∈ Γ(Σ±(M2m1 )) be the positive and negative part of ψ1, respectively. Set
ψ := ψ+1 ⊗ ψ2.
Then, using the formula (4.5), we have
D2ψ = (λ21 + λ
2
2)(ψ
+
1 ⊗ ψ2) = (λ21 + λ22)ψ.
Let S1 and S2 be the scalar curvature of (M
2m
1 , g1) and (M
2m
2 , g2), respectively. Then
λ∗ :=
√
λ21 + λ
2
2 is related to the scalar curvature S = S1 + S2 of (M
2m
1 ×M2m2 , g1 + g2)
as
(λ∗)2 =
1
4
· 2m
2m− 1 · S1 +
1
4
· 2m
2m− 1 · S2 =
1
4
· n
n− 2 · S, n = 4m,
and
ψ∗ := λ∗ ψ +Dψ = {λ∗ + λ2(−1)m}(ψ+1 ⊗ ψ2) + λ1(ψ−1 ⊗ ψ2)
is indeed such a non-trivial eigenspinor of D with eigenvalue λ∗ that satisfies the equation
(1.3). QED.
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Theorem 4.2 Let (M2m1 , g1), m ≥ 1, be a Riemannian spin manifold admitting a Killing
spinor ψ1 with D1ψ1 = λ1ψ1, λ1 6= 0 ∈ R. Let (M r2 , g2), 2m > r ≥ 2, be a Riemannian
spin manifold admitting a parallel spinor ψ2. Let (S
1, gS) be a circle with the standard
metric. Then the Riemannian product manifold (M2m1 ×M
r
2 , g1 + g2) as well as (M
2m
1 ×
S1, g1+gS) admits such a non-trivial eigenspinor ψ
∗ of the Dirac operator D that satisfies
the equation (1.4) of Theorem 1.2.
Proof. Applying the argument in the proof for Theorem 4.1, one proves that (M2m1 ×
M
r
2 , g1 + g2) satisfies the limiting case of Theorem 1.2. To prove the latter part of the
theorem, it suffices to check that the lift ψ∗1 of ψ1 to (M
2m
1 × S1, g1 + gS) satisfies the
equation (1.4) of Theorem 1.2. QED.
Now we proceed to the other case that the first manifold (M2m+11 , g1), m ≥ 1, as
well as the second manifold (M2s+12 , g2), s ≥ 0, is of odd dimension. We will mod-
ify the relations (4.1)-(4.5) slightly to be appropriate in this case. Let (N1, gN ) be
a 1-dimensional connected manifold (i.e., an open interval or a circle) with the stan-
dard metric gN , and let (Q
2m+2 = M2m+11 × N1, gQ = g1 + gN ) be the Riemannian
product manifold. Let E2m+2 denote a unit vector field on (N
1, gN ) as well as the lift
to (Q2m+2, gQ). Denote by (E1, . . . , E2m+1) a local orthonormal frame on (M
2m+1
1 , g1)
as well as the lift to (Q2m+2, gQ). Then the spinor bundle Σ(M
2m+1
1 ) of (M
2m+1
1 , g1)
may be thought to be embedded in the positive part Σ+(Q2m+2) (resp. in the nega-
tive part Σ−(Q2m+2) ) of the spinor bundle Σ(Q2m+2) of (Q2m+2, gQ), the Clifford mul-
tiplication Cl(M2m+11 ) × Σ(M2m+11 ) −→ Σ(M2m+11 ) being naturally related to the one
Cl(Q2m+2)× Σ(Q2m+2) −→ Σ(Q2m+2) via
Ei · (piQψ±) = piQ(Ei · E2m+2 · ψ±), 1 ≤ i ≤ 2m+ 1, (4.6)
where ψ± ∈ Γ(Σ±(Q2m+2)) and piQ : Σ±(Q2m+2) −→ Σ(M2m+11 ) is the restriction
map. Let (F1, . . . , F2s+1) be a local orthonormal frame on (M
2s+1
2 , g2). Identifying
(E1, . . . , E2m+1) and (F1, . . . , F2s+1) with their lifts to (M
2m+1
1 ×M2s+12 , g1+g2), we regard
(E1, . . . , E2m+1, F1, . . . , F2s+1) as a local orthonormal frame on (M
2m+1
1 ×M2s+12 , g1+g2).
Then, with help of (4.6), one can define a natural action of the Clifford bundle Cl(M2m+11 ×
M2s+12 ) of (M
2m+1
1 ×M2s+12 , g1 + g2) on the spinor bundle
Σ(M2m+11 ×M2s+12 ) =
{
Σ(M2m+11 )⊕ Σ(M2m+11 )
}
⊗ Σ(M2s+12 )
⊂
{
Σ+(Q2m+2)⊕ Σ−(Q2m+2)
}
⊗ Σ(M2s+12 )
of (M2m+11 ×M2s+12 , g1 + g2) by
Ei · {(ψ+1 + ψ−1 )⊗ ψ2} = {Ei · E2m+2 · (ψ+1 + ψ−1 )} ⊗ ψ2, 1 ≤ i ≤ 2m+ 1, (4.7)
Fj · {(ψ+1 + ψ−1 )⊗ ψ2} = {E2m+2 · (ψ−1 − ψ+1 )} ⊗ (Fj · ψ2), 1 ≤ j ≤ 2s+ 1, (4.8)
where ψ±1 ∈ Γ(Σ(M2m+11 )) ⊂ Γ(Σ±(Q2m+2)) and ψ2 ∈ Γ(Σ(M2s+12 )). Denote by ∇1 (resp.
∇2) the Levi-Civita connection and by D1 (resp. D2) the Dirac operator of (M2m+11 , g1)
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(resp. (M2s+12 , g2)). From (4.7)-(4.8), we now obtain the following formulas for the spin
derivative ∇ and the Dirac operator D of (M2m+11 ×M2s+12 , g1 + g2) :
∇X((ψ+1 + ψ−1 )⊗ ψ2) =
{
∇1pi1(X) ψ+1 +∇1pi1(X)ψ−1
}
⊗ ψ2 + (ψ+1 + ψ−1 )⊗ (∇2pi2(X) ψ2),
(4.9)
D((ψ+1 + ψ
−
1 )⊗ ψ2) = (D1ψ+1 +D1ψ−1 )⊗ ψ2 +
{
E2m+2 · (ψ−1 − ψ+1 )
}
⊗ (D2ψ2),
(4.10)
D2((ψ+1 + ψ
−
1 )⊗ ψ2) = (D21ψ+1 +D21ψ−1 )⊗ ψ2 + (ψ+1 + ψ−1 )⊗ (D22ψ2), (4.11)
where pi1 : T (M
2m+1
1 ×M2s+12 ) −→ T (M2m+11 ) and pi2 : T (M2m+11 ×M2s+12 ) −→ T (M2s+12 )
are the natural projections.
Theorem 4.3 Let (M2m+11 , g1), m ≥ 1, be a Riemannian spin manifold admitting a
Killing spinor ψ±1 ∈ Γ(Σ(M2m+11 )) ⊂ Γ(Σ±(Q2m+2)) with D1ψ±1 = λ1ψ±1 , λ1 6= 0 ∈
R. Let (M2m+12 , g2) be a Riemannian spin manifold admitting a Killing spinor ψ2 with
D2ψ2 = λ2, λ2 ∈ R (Here we allow λ2 to be zero). Then the Riemannian product manifold
(M2m+11 ×M2m+12 , g1+g2) admits such a non-trivial eigenspinor ψ∗ of the Dirac operator
D that satisfies the equation (1.3) of Theorem 1.1.
Proof. Set
ψ := (ψ+1 + ψ
−
1 )⊗ ψ2.
Then, using the formula (4.11), we have
D2ψ = (λ21 + λ
2
2)(ψ
+
1 + ψ
−
1 )⊗ ψ2 = (λ21 + λ22)ψ
and λ∗ :=
√
λ21 + λ
2
2 is related to the scalar curvature S = S1+S2 of (M
2m+1
1 ×M2m+12 , g1+
g2) as
(λ∗)2 =
1
4
· 2m+ 1
2m+ 1− 1 · S1 +
1
4
· 2m+ 1
2m+ 1− 1 · S2 =
1
4
· n
n− 2 · S, n = 4m+ 2.
Consequently,
ψ∗ := λ∗ ψ +Dψ = (λ∗ + λ1)(ψ
+
1 + ψ
−
1 )⊗ ψ2 + λ2{E2m+2 · (ψ− − ψ+)} ⊗ ψ2
is indeed such a non-trivial eigenspinor of D with eigenvalue λ∗ that satisfies the equation
(1.3). QED.
Remark. As mentioned above, the spinor bundle Σ(M2m+11 ) of (M
2m+1
1 , g1) may be
thought to be embedded in the positive part Σ+(Q2m+2) (resp. in the negative part
Σ−(Q2m+2) ) of the spinor bundle Σ(Q2m+2). Obviously, there exists a Killing spinor
ψ+1 ∈ Γ(Σ(M2m+11 )) ⊂ Γ(Σ+(Q2m+2)) with D1ψ+1 = λ1ψ+1 if and only if there exists a
Killing spinor ψ−1 ∈ Γ(Σ(M2m+11 )) ⊂ Γ(Σ−(Q2m+2)) with D1ψ−1 = λ1ψ−1 ( e.g., one can
take ψ−1 := E2m+2 · ψ+1 ).
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Theorem 4.4 Let (M2m+11 , g1), m ≥ 1, be a Riemannian spin manifold admitting a
Killing spinor ψ±1 ∈ Γ(Σ(M2m+11 )) ⊂ Γ(Σ±(Q2m+2)) with D1ψ±1 = λ1ψ±1 , λ1 6= 0 ∈ R. Let
(M
2s+1
2 , g2), 2m + 1 > 2s + 1 ≥ 3, be a Riemannian spin manifold admitting a parallel
spinor ψ2. Let (S
1, gS) be a circle with the standard metric. Then the Riemannian prod-
uct manifold (M2m+11 ×M
2s+1
2 , g1 + g2) as well as (M
2m+1
1 × S1, g1 + gS) admits such
a non-trivial eigenspinor ψ∗ of the Dirac operator D that satisfies the equation (1.4) of
Theorem 1.2
Proof. Applying the argument in the proof for Theorem 4.3, one proves that (M2m+11 ×
M
2s+1
2 , g1+ g2) satisfies the limiting case of Theorem 1.2. To prove the latter part of the
theorem, it suffices to check that ψ∗1 := ψ
+
1 + ψ
−
1 satisfies the equation (1.4) of Theorem
1.2. QED.
Remark. Let (Mn, g), n ≥ 3, be a Riemannian spin manifold possessing a parallel unit
vector field ξ. Let η = g(·, ξ) be the dual 1-form. Then the endomorphism φ defined by
φ(X) = X − 2 η(X)ξ
is an almost product Riemannian structure with ∇φ = 0. Thus we find that the inequality
(1.2) is indeed a special case of the inequality in Theorem 1.2, with n1 = n−1 and n2 = 1.
Remark. It may be of interest to classify all the types of limiting manifolds of Theorem
1.1 (resp. Theorem 1.2). An important problem toward this classification is to consider
only simply connected limiting manifolds, i.e., those limiting manifolds (Mn, g) that are
global Riemannian products (Mn, g) = (Mn11 ×Mn22 , g1 + g2), and answer the following
question : Do there exist such limiting manifolds (Riemannian products) of Theorem 1.1
(resp. Theorem 1.2) that do not belong to the type (i) (resp. the type (ii)) described at
the end of the introduction of the paper ?
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